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Abstract. Starting from a Hopf algebra endowed with an action of a group 
7r by Hopf automorphisms, we construct (by a "twisted" double method) a 
quasitriangular Hopf 7r-coalgebra. This method allows us to obtain non-trivial 
examples of quasitriangular Hopf 7r-coalgebras for any finite group 7r and for 
infinite groups tt such as GL„(k). In particular, we define the graded quantum 
groups, which are Hopf 7r-coalgebras for 7r = C[[/i]] ! and generalize the Drinfeld- 
Jimbo quantum enveloping algebras. 
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Introduction 

The aim of the present paper is to construct examples of quasitriangular Hopf 
group-coalgebras. These algebraic structures were introduced by Turaev [TurOOj . 
Let 7r be a group. The category of representations of a quasitriangular Hopf 7r-coal- 
gebra is a braided 7r-category. Such categories are used in |TurOO| to construct 
3-dimensional homotopy quantum field theory with target an Eilenberg-Mac Lane 
space of type K (tt, 1). Moreover, Hopf 7r-coalgebras are used in [VirOll IVir02b| to 
construct Hennings-type and Kuperberg-type invariants of flat 7r-bundles over link 
complements and over 3-manifolds. 

Let tt be a group. A Hopf 7r-coalgebra is a family H = {H a } ae7r of algebras (over 
a field k) endowed with a comultiplication A = {A Qi/ g : H a p — ► H a ® Hp} a> p^, 
a counit e : Hi — ► k, and an antipode S = {S a : H a — > H a -i} ae7T which verify 
some compatibility conditions. A crossing for H is a family of algebra isomorphisms 
<p = {tpp : H a — » flfl Qj g-i}a, J 8e7r which preserves the comultiplication and the counit, 
and which yields an action of 7r in the sense that <pp(p/3> — <Ppp'- A crossed Hopf 
7r-coalgebra H is quasitriangular when it is endowed with an i?-matrix R = {R a ,(3 S 
H a ig) Hp^a^Qn verifying some axioms (involving the crossing <p) which generalize 
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the classical ones given in |Dri87| . The case tt = 1 is the standard setting of Hopf 
algebras. 

Starting from a crossed Hopf 7r-coalgebra H — {-ff Q } Q g7r, Zunino |Zun02| con- 
structed a double Z(H) = {Z(H) a } ae7T of H which is a quasitriangular Hopf 
7r-coalgebra in which H is embedded. One has that Z(H) a = H a <& (©^ e7r -ffg) as a 
vector space. Unfortunately, each component Z(H) a is infinite-dimensional (unless 
Hp = for all but a finite number of {3 € 7r). 

To obtain non-trivial examples of quasitriangular Hopf 7r-coalgebras with finite- 
dimensional components, we restrict ourself to a less general situation: our initial 
data is not any crossed Hopf 7r-coalgebra but a Hopf algebra endowed with an 
action of tt by Hopf algebra automorphisms. Remark indeed that the component 
Hi of a Hopf 7r-coalgebra H — {Ha}^^ is a Hopf algebra and that a crossing for 
H induces an action of tt on Hi by Hopf automorphisms. 

In this paper, starting from a Hopf algebra A endowed with an action 4>: tt — > 
AutHopf(^4) of a group tt by Hopf automorphisms, we construct a quasitriangular 
Hopf 7r-coalgebra D{A,4>) = {D(A,(j> a )} aG7r - The algebra D{A,cf) a ) is constructed 
in a manner similar to the Drinfcld double (in particular D(A, <fi a ) = A (g) A* as a 
vector space) except that its multiplication is "twisted" by the Hopf automorphism 
(f> a : A — y A. The algebra D(A,\Aa) is the usual Drinfeld double. In general, the 
algebras D(A,(j) a ) and D{A,<f>p) are not isomorphic when a =/= [3. 

This method allows us to define non-trivial examples of quasitriangular Hopf 
7r-coalgebras for any finite group tt and for infinite groups n such as GL„(k). In 
particular, given a complex simple Lie algebra q of rank n, we define the graded 
quantum groups {U^(g)} ae c n an d {f^"(fl)}aec[[h]l" which are crossed Hopf group- 
coalgebras. They are obtained as quotients of D(U q (b+),4>) and D(Uh(b+),<j)'), 
where b+ denotes the Borel subalgebra of g, tfi is an action of C*™ by Hopf au- 
tomorphisms of U q (b+), and <fr' is an action of C[[/i]]" by Hopf automorphisms of 
Uh(b+). Furthermore, the crossed Hopf C[[ft.]]™-coalgebra {U%(g)} ae c{[h]] n is qua- 
sitriangular. 

The paper is organized as follows. In Section ^ we review the basic definitions 
and properties of Hopf 7r-coalgebras. In Section [3 we define the twisted double of 
a Hopf algebra A endowed with an action of a group tt by Hopf automorphisms. 
In Section|3| we explore the case A — k[G] where G is a finite group. In Section 0| 
we give an example of a quasitriangular Hopf GL„ (k)-coalgebra. Finally, we define 
the graded quantum groups in Sections and El 

Throughout this paper, we let tt be a group (with neutral element 1) and k be 
a field. 



1. Hopf group-coalgebras 

In this section, we review some definitions and properties concerning Hopf group- 
coalgebras. For a detailed treatment of the theory of Hopf group-coalgebras, we 
refer to |Virf)2aj . 

1.1. Hopf 7r-coalgebras. A Hopf n-coalgebra (over k) is a family H = {Ha}^^ 
of k-algebras endowed with a family A = {A Qj/ 3 : H a p — > H a ®Hp} a .p £7T of algebra 
homomorphisms (the comultiplication) and an algebra homomorphism e : Hi — > k 
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(the counit) such that, for all a, j3, 7 G w, 

(1-1) (A a „a ® id ff „)A a/3 , 7 = (id Ha <g A /5i7 )A Qi)37 , 

(1.2) (id ff „ <g> e)A Q ,i - id Hcv = (e® id Ho )A 1)a , 

and with a family S — {S a : H a — > _ff Q -i} ae7r of k-linear maps (the antipode) which 
verifies that, for all a G 7r, 

(1.3) m a (S a -i ®id Ha )A a -i, a =el Q = m a (id ffa <g> Sa-iJA^-i, 

where m Q : if Q ® — > iJ Q and l a G i? Q denote respectively the multiplication 
and unit element of H a . 

When 7T = 1, one recovers the usual notion of a Hopf algebra. In particular 
{Hi, mi, li, A14, e, Si) is a Hopf algebra. 

Remark that the notion of a Hopf 7r-coalgebra is not self-dual and that if H = 
{H a }a£ir is a Hopf 7r-coalgebra, then {a G tt | H a ^ 0} is a subgroup of 7r. 

A Hopf 7r-coalgebra = {-ff Q } ae „- is said to be of finite type if, for all a G 7r, 
if a is finite-dimensional (over k). Note that it does not mean that ® a^7r a is 
finite-dimensional (unless £/„ = for all but a finite number of a G tt). 

The antipode of a Hopf 7r-coalgebra _ff = {H a } ae7r is anti- multiplicative: each 
S'q : H a — > is an anti-homomorphism of algebras, and anti-comultiplicative: 

eSi = e and Ap-i i(X -iS a p — &H a - 1 ,H (i -i (S a ^Sp)A at p for any a, /3 G tt, see |Vir02al 
Lemma 1.1]. 

The antipode 5 = {S^lae^ of H = {H a } ae7r is said to be bijective if each 
is bijective. As for Hopf algebras, the antipode of a finite type Hopf 7r-coalgebra is 
always bijective (sec Vir02a Corollary 3.7(a)]). 

We extend the Sweedler notation for the comultiplication of a Hopf 7r-coalgebra 
H = {H a } ae7r in the following way: for any a, (3 G tt and h G H a p, we write 
A a ,p(h) = Yl(ti) ® ^(2,/3) e ® ^/3; or shortly, if we leave the summation 

implicit, A aj p(h) = /i(i )Q! ) ® ^(2,/3)- The coassociativity of A gives that, for any 
a, /3, 7 G 7r and ft. G H a p 7 , 

h(l,a0)(l,a) ® fyl,a/3)(2,/3) ® ^(2, 7 ) = fyl.a) ® ^(2,/3 7 )(l,/3) ® ^(2,/3 7 )(2, 7 )- 

This element of H a ® i//3 (g> i/ 7 is written as ft>(i >a ) <8 ^(2,/3) ® ^(3,7) • By iterating 
the procedure, we define inductively hn ai ) ® ■ ■ • ® h( n ,a n ) f° r an y h G H ai ... an . 

1.2. Crossed Hopf 7r-coalgebras. A Hopf 7r-coalgebra = {iJajagTr is said to 
be crossed if it is endowed with a family ip = {ipp : H a — ► Hp a p-i} a p ( z jr of algebra 
isomorphisms (the crossing) such that, for all a, 0, 7 G 7r, 

(1-4) (<ft3 <8> ^/3)A Qi7 = Apap-tjyp-upp, 

(1.5) e^ = e, 

(1.6) = 

It is easy to check that ipi\ii a = id# Q and = Sp a p-iipp for all a, /? G tt. 

1.3. Quasitriangular Hopf 7r-coalgebras. A crossed Hopf 7r-coalgebra H = 
{H a } ae7r is said to be quasitriangular if it is endowed with a family R = {R a .p G 
H a ® Hp} at 0£ir of invertible elements (the R-matrix) such that, for all a,/?, 7 G tt 
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and x G H a p, 

(1.7) R a ,p ■ A Qij g(ar) = (rp, a {(p a -i ® idf/JA^-i^x) • # Q ,0, 

(1.8) (id Ha ® A 0il )(R ai01 ) )l03 ' (-#01,0)127, 

(1.9) (A a>/3 ® idiy 7 )(# Q 0, 7 ) = [(id 

H a ® V'0- 1 )(#a:,070 _1 )]l03 ' (#0,7)a23; 

(1.10) (v?/3 ® lfip)(R an ) = Rpafl-ifi-yp- 1 , 

where o^q, denotes the flip map 77,3 ® -Ha — > ff« ® -H/3 and, for k-spaces P, Q and 
r = J2jPj ® Qj G P ® Q, we set r 12l = r«l 7 eF®Q® 7J 7 , r a2 3 = l a ® r G 
H a ®P®Q, and ri0 3 = £\ ft' ® 1/3 ® % € P ® Hp ® Q. 

Note that Ri^i is a (classical) i?-matrix for the Hopf algebra H\. 

When 7r is abelian and tp is trivial (that is, tpp\H a = idjj Q for all a, (3 6 7r), one 
recovers the definition of a quasitriangular 7r-colored Hopf algebra given by Ohtsuki 
in |0EiEi|. 

The i?-matrix always verifies (see |Vir02al Lemma 6.4]) that, for any a, /3, 7 G tt, 

(1.11) (e<g)id Ha )(R ha ) = l a = {id Ha <8>e)(R aA ), 

(1.12) (So-^a <g> id ffj3 )(J2 a -i^) = R-^p and (id Ha <g> S"/3)(-R~ 1 /3 ) = R a ,p-^> 

(1.13) (S a ®Sp)(R a ,p) = ((paQidn^KRa-i,?-!), 

and provides a solution of the 7r-colored Yang-Baxter equation: 
(#0,7)023 • (#0,7)1/33 • (#0,0)127 

= (#q, 0)127 ' [{id-H a ® '/'0- 1 )(#Q,070- 1 )]l03 ' (#0, 7 )a23- 

1.4. Ribbon Hopf 7r-coalgebras. A quasitriangular Hopf 7r-coalgebra H — {H a } aerr 
is said to be ribbon if it is endowed with a family 8 = {9 a G H a } Q£l of invertible 
elements (the twist) such that, for any a,/3 G 7r, 

(1.15) ^ Q (x) = 9 a -ix8 a for all cc G i? Q , 

(1.16) Sa(da) = fla-i, 

(1.17) M^)=6p a p-y, 

(1.18) ^ a ,p{0 a p) = {0a ® 6*0) ■ Vfraifoa- 1 ® id H a ) (#q:0q : - 1 ,a)) ' #a,0- 

Note that #1 is a (classical) twist of the quasitriangular Hopf algebra Hi . 

1.5. Hopf 7r-coideals. Let = {-ffajagjr be a Hopf 7r-coalgebra. A Hopf ir-coideal 
of if is a family / = {/ajagjr, where each I a is an ideal of H a , such that, for any 
a, /3 G tt, 

(1.19) A a! 0(I a p) cI a ®Hp + H a ®Ip, 

(1.20) e(Ii)=0, 

(1.21) Sa^C/a-i. 

The quotient -ff = {H a = H a /I a } a&7T , endowed with the induced structure maps, 
is then a Hopf 7r-coalgebra. If H is furthermore crossed, with a crossing tp such 
that, for any a, (3 G tt, 

(1.22) <p p (I a ) C 
then so is 5 (for the induced crossing). 
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2. Twisted double of Hopf algebras 

In this section, we give a method (the twisted double) of defining a quasitriangular 
Hopf 7r-coalgebra from a Hopf algebra endowed with an action of a group tt by Hopf 
automorphisms . 

2.1. Hopf pairings. Recall that a Hopf pairing between two Hopf algebras A and 
B (over k) is a bilinear pairing a: A x B — > k such that, for all a, a' G A and 
6, b' g B, 

(2.1) a(a,bb') = cr(a (1) , 6) er(a (2) , &'), 

(2.2) er(aa', b) = a[a, fe (2) ) cr(a', fo (1) ), 

(2.3) a(a,l) = e(a) and cr(l, 6) = e(b). 

Note that such a pairing always verifies that, for any a £ A and b € B, 

(2.4) ^(5(o),5(6))=«7(o,6). 

(Since both er and a o (S x S) are the inverse of u o (id x S) in the algebra 
Hom^-A x B,k) endowed with the convolution product). 

Let it: 4 x B ^ k be a Hopf pairing. Its annihilator ideals are I a = {a G 
A | a(a, b) = Q for all 6 e S} and 7 B = {fe e B \ a {a, b) = for all a G A}. It is 
easy to check that I a and Jb are Hopf ideals of A and B, respectively. Recall that 
cr is said to be non- degenerate if Ia and Is are both reduced to 0. A degenerate 
Hopf pairing a: A x B — > k induces (by passing to the quotients) a Hopf pairing 
er: A/ 1 a x B/Ib — > k which is non-degenerate. 

Most of Hopf algebras we shall consider in the sequel will be defined by genera- 
tors and relations. The following provides us with a method of constructing Hopf 
pairings, see |Dae93l IERT97| . 

Let A (resp. B) be a free algebra generated by elements a\, . . . , a p (resp. bt,...,b q ) 
over k. Suppose that A and B have Hopf algebra structures such that each A(o^) 
for 1 < i < p (resp. A(6j) for 1 < i < q) is a linear combination of tensors a r €3 a s 
(resp. b r <S> b s ). Given pq scalars Xij G k with 1 < i < p and 1 < j < q, there is a 
unique Hopf pairing a : A x B — > k such that crifli, bj) = Xij. 

Suppose now that A (resp. B) is the algebra obtained as the quotient of A 
(resp. B) by the ideal generated by elements ri, . . . , r m € A (resp. si, . . . , s n G B). 
Suppose also that the Hopf algebra structure in A (resp. B) induces a Hopf algebra 
structure in A (resp. B). Then a Hopf pairing a : A x B — > k induces a Hopf 
pairing A x B —> k if and only if er(rj, 6j ) = for all 1 < i < m and 1 < j < q, and 
cr(ai, Sj) = for all 1 < i < p and 1 < j < n. 

2.2. The twisted double construction. 

Definition-Lemma 2.1. Let a: Ax B — > k fee Hopf pairing between two Hopf 
algebras A and B. Let <f>: A — > A fee a -ffop/ algebra endomorphism of A. Set 
D(A, B;a,(f>) — A ® B as a h-space. Then D(A, B\ a, <f>) has a structure of an 
associative and unitary algebra given, for any a, a' G A and fe, b' G B , by 

(2.5) {a® b)- (a'ofe') = <j(4>(a' {1) ), S(b {1) )) a(a[ 3) ,b {3) ) aa[ 2) ® b {2) b' , 

(2.6) 1d(a,b ; <7,0) = U <8 Is- 
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Moreover, the linear embeddings A D(A, B; a, (f>) and B °-> D(A, B\ cr, <fi) defined 
by a i— v a® 1b and b i — > 1a ® 6, respectively, are algebra morphisms. 

Remarks 2.2. (a) Note that D(A, B; a, id^) is the underlying algebra of the usual 
quantum double of A and B (obtained by using the Hopf pairing a). 

(b) If cj> and (/>' are different Hopf algebra endomorphisms of A, then the algebras 
D(A, B; a, <fi) and D(A, B; a, <j>') are not in general isomorphic, see Remark l4.2l 

Proof. Let a, a', a" £ A and b, b', b" £ B. Using the fact that cr is a Hopf pairing 
and (f> is a Hopf algebra endomorphism, we have that 

((a® b) -(a'® b')) -{a" ® 6") 
= cr(0(a'(i)), 5(6 (1) )) o-(a'( 3 ). %)) o-OOfi)), 5(6(2)6(1))) 

°"( ffl (3)> 6 (4) 6 (3)) aa '(2) a '(3) ® 6(3)6(2)6" 

= CT (0( a (i)),5(6 (1 )))CT(a' (3) ,6 (5) )CT(^^ 

o-(a'(4),6(4)) a-(a'( 5) , 6' (3) ) aa' (2) a( 3) <g> 6 (3) 6' (2) 6", 

and 

(a® 6) -((a'® 6') -(a"® 6")) 

= uMa'fa), 5(6' (1) )) aia'^b'^ai^a'^), 5(6 (1) )) 

cr(a' (3) a' ( ' 4) ,6 (3) ) aa' (2) a' ( ' 3) (g) 6 (2) 6' (2) b" 
= ^(a'^), 5(6' (1) )) cr(a' ( ' 5) , 6' (3) ) ^(ofo), S(b (1) )) a(<j>(a'{ 2) ), S(b (2) )) 
< J ( a [3)' b (5)) °V(4)> b (4)) aa' (2) a' (3) <g> 6 (3) 6' (2) 6". 
Hence the product is associative. Finally, lyt ® Is is the unit element since 
(a ® 6) • (1 ® 1) = cr(^(l), 5(6(1))) cr(l, 6 (3) ) a® 6 (2) 

= e(5(6(i)))e(6 (3 )) a® 6(2) = a® 6, 

and 

(1 ® 1) • (a <g> 6) = cr(^(a ( i ) ) ! 5(l))cr(a (3) ,l) a (2) ®6 

= £(0(a (1 ))) £(a (3) ) a (2 ) ® 6 = a (g> 6. 

Finally, for any a, a' £ A and 6, 6' G £?, we have that 

(a <g> 1) • (a' <g> 1) = cr(^(a' (1) ), 5(1)) cr(a' (3) , 1) aa' (2) (gil 

= e(<Ka'(i))M a (3)) aa (2) ® 1 

= aa' ® 1 

and 

(1 ® 6) • (1 ® 6') = cr(0(l), 5(6(1))) cr(l, 6 (3) ) 1® 6(2)6' 

= e (5(6 ( i))) £ (6( 3 )) 10 6(2)6' 
= 1 <g> 66'. 

Therefore A <—* D(A, B; cr, 4>) and B D(A, B; a, (f>) are algebra morphisms. □ 

In the sequel, the group of Hopf automorphisms of a Hopf algebra A will be 
denoted by Autnopf {A). 
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Theorem 2.3. Let a: A x B — > k be Hopf pairing between two Hopf algebras A 
and B, and 0: 7r — > AutHopf(^l) 6e group homomorphism (that is, an action of 
it on A by Hopf automorphisms). Then the family of algebras D(A, B; a, 0) = 
{D(A, B;a,(f> a )} ae7r (see Definition \2.1\l has a structure of a Hopf ir-coalgebra 
given, for any a £ A, b £ B , and a, f3 £ it, by 

(2.7) A a .j3(a ® b) = ((f)p(a w ) <g> (gi (a (2 ) ® 6 (2 )), 

(2.8) £(a®6) =e A (a)e B (b), 

(2.9) 5 Q (a <g> 6) = a(ip a (a {1) ), 6 (1) ) o-(a (3) , 5(6 (3) )) <p a 5(a (2 )) ® 5(6(2)). 

Proof. The coassociativity ljl.lt follows directly from the coassociativity of the co- 
products of A and B and the fact that 0,3 7 — 0/3 o 7 . Axiom (|1.2|l is a direct 
consequence of sa ° 0a = £a- Since 0i = id^ and D(A, B; a, idyi) is underlying 
algebra of the usual quantum double of A and B, the counit e is multiplicative. Let 
us verify that A a ^ is multiplicative. Let a, a' £ A and 6, 6' £ _B. On one hand we 
have: 

A Qi(3 ((a®6)-(a'®6')) 

= c(0 Q/3 (a' (1) ), #(&(!))) ff(a' (3) , 6 (3) ) A Qj/9 (aa' (2) <g> 6 (2 )6') 

= cr(0 Q ^(a' (1) ),S'(6( 1 )))(T(a' (4) ,6(4)) ^) / g(a( 1 )a / (2) ) (8>6( 2 )6(i) 8tt(2)«( 3 ] ®6( 3 )6' (2 ). 
One the other hand, 
A Qj/3 (a<g>6) • A Qi/3 (a' ® &') 

= (0/8(0(1)) ® & (1) ® a (2) ® 6( 2 )) ' (<M a (l)) ® ® a'( 2 ) ® & (2)) 

= (7(00,0/3 (a' (1) ), 5(6 ( i))) ff(^(a' (3) ), 6 (3) ) CT(0 / 3(a' (4) ), 5(6 (4) )) a(a' (6) , 6 (6) ) 

M a (l))M a (2)) ® fo (2) & '(l) ® a (2)a'(5) ® & (5)6( 2 ) 

= (7(0 Q/3 (a' (1) ), 5 (6(1) )) (7(0/3 (a' (3) ) , 6(3) 5 (6 (4) )) <r(a' (5) , 6 (6) ) 

0/3(0(1)0(2)) ® 6( 2 )6' (1) ® 0(2)0(4) <8> 6(5)6(2) 

= (7(0 Q /3(a' (1) ), 5(6(1))) cr(a' (4) , 6 (4 ))0 / 3(a(i ) a' ( 2)) (8)6(2)6^) ®a(2)a'( 3 ) <E> 6 (3) 6' (2) . 

Let us verify the first equality of (|1.3|) . Let a 6 j4, 6 £ £?, and a £ 7r. Denote the 
multiplication in D(A, B; a, <f> a ) by m a . We have 

m a (S a -i ® id C ( yl ,B; ( T,0 cl ))A Q -i iQ (a ® 6) 

= o-(o(i), 6(i)) (7(0 Q (a (3) ), 5(6( 5) )) (7(0 Q (a (4) ), 5 2 (6 (4) )) cr(a (6) , 5(6 (2) )) 

5(a( 2 ))a (5 ) ® 5(6( 3) )6 (6) 
= o-(o(i), 6(i)) (7(0 Q (a (3) ), 5(6(5) )5 2 (6 (4 ))) cr(a (5) , 5(6 (2) )) 

5(a (2 ))a (4 ) ® 5(6( 3) )6 (6) 
= <7(a(i),6(i))o-(a( 4 ), 5(6(2))) 5(a (2 ))a( 3 ) ® 5(6 (3 ))6 ( 4) 

= Cr(a ( i), 6(i)) (7(a (2 ), 5(6(2))) 1 <8> 1 

= a(a, 6(1)5(6(2))) 1 ® 1 = e(o) e(6) 1 ® 1 
The second equality of l|1.3|) can be verified similarly. □ 

Let <r: i x B ^ k be a Hopf pairing between two Hopf algebras A and B, and 
0: 7r — > Autiiopf(j4) be an action of 7r on A by Hopf automorphisms. An action 
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ip : 7r — * Autnopf (B) of 7r on B by Hopf automorphisms is said to be (a, (p)- compatible 
if, for all a G A, b G B and [3 G tt, 

(2.10) «7(^(o),V/j(6))=o-(a > 6). 

Lemma 2.4. Let <r: i x B ^ I a #op/ pairing between two Hopf algebras 
A and B, and (p: tt — » Autnopf (-4), tp'- 77 ^ Autnopf (5) 6e two actions of ir by 
Hopf automorphisms on A and B , respectively. Suppose that ip is (a, (p)- compatible. 
Then the Hopf ir-coalgebra D(A, B; a, <p) = {D(A, B; a, </) Q )} a g w (see Theorem \2.'A) 
admits a crossing if given, for any a G A, b G B and (3 G tt, by 

(2.11) ^M6) = ^(a)®^(6). 

Proof. Let a, (3 G tt. We have that pp(l-A ® Is) = 0/3 (1a) ®ipp( Is) = 1a <8>1b and, 
for any a, a' G A and 6, 6' G £>, 

^8 (a ® 6) • ^(o' €5 b') 

= cr(0/3a/3-i(</'/3(a')(l)) I 'S'(V'/3(&)(l)))cr(0 / 3(a')(3),V'/3(&)(3)) 0/3(a)0/3(a')(2) ® -0,3 (6) ( 2 ) -0/3 (&') 
= 0'(^</'a(a(l))) ) V , /3S , (6(i)))<T(^ / 9(a / (3 ) ) ) ^(&(3))) 0/3 («) M a '(2)) ® ^(&(2))^(&') 

= o-(^ a (a / (1) )),S , (6( 1 )))o-(a' (3) ,6(3)) ^ (aa' (2) ) ® ^(6(2) *»') 

= ipp((a® 6) • (a' ® 6')). 

Moreover 0^ and "0/3 are bijective and so is ^g. Therefore 95,3 : D(A, B; a, <p a ) 
D{A, B; a, 4>f3a/3-i) is an algebra isomorphism. 
Let a G A, b G -B and a, /3, 7 G 7r. We have that 

A /3Q/3-i,/3 7 /3-i(<P / 3(a«'&)) = 0/37/3-1 (0/3 (a)(1)) ® i>P (b)(1) ® <Pf} (a)(2) ®^fi( b )(2) 

= 0/3 7 /3-i0/3(a(i)) <g> -0/3(6(1)) (g> 0/3(a (2) ) (g) -0/3(6(2)) 

= 000<y( a (l)) ® "0/3(6(1)) (8) <j>f}(a( 2 )) ® -0/3(6(2)) 

= (<^/3 ® <pp)A ai7 (a ® 6), 
e^g(a ® 6) = e((f>j3(a)) e(ipp(b)) = e(a) e(b) = e(a <8> 6), 

and 

(p a ipp{a ® 6) = <p a <pp(a) <8> ip a ipp(b) = <p a p(a) ® -0 Q /3(6) = ^(a ® 6). 
Therefore y> satisfies Axioms (II .4|) . I|1.5f) and i|1.6|) . □ 

Corrolary 2.5. /Let (TiixB^lfca non-degenerate Hopf pairing and <p: tt — > 
Autfjopf(^4) 6e an action of it on A by Hopf automorphisms. Then there exists a 
unique action (p* : it — > Autnopf (-B) which is (a, (p)- compatible. It is characterized, 
for any a <E A, b <E B and [3 G 7T, 6y 

(2.12) o-(a,^(6))=(r(^- 1 (a),6). 

Consequently the Hopf n-coalgebra D{A, B; a, <p) — {D(A, B; a, 4> a )}a<£n (see Theo- 
rem \2.3p is crossed with crossing defined by ipp = (pp ® <p*^ for any [3 G tt. 

Proof. Let [3 G tt. Since a is non-degenerate, (|2.12() does define a linear map 
(ppi B — > B. Since a is a Hopf pairing and (pp-i is a Hopf algebra isomorphism of 
A, the map <p% is a Hopf algebra isomorphism of B. Moreover <p* is an action since 
<pi = ids (because <p\ = id^) and, for any a G A, 6 G B and a, /3 G tt, 

a ( a ,4>* a f)(b)) = a(</>p-i a -i(a),b) = a((pp-i(p a -i(a),b) 

= O"(0a-1 (a), 0M & )) = (J ( a ' 0a0|l( & ))- 
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Finally l|2.12|) says exactly that <f>* is (er, </>)-compatible. □ 



Theorem 2.6. Let a : A x B — > k be a Hopf pairing between two Hopf algebras A 
and B, and <fi: n — > AutHopf(j4) be an action of n on A by Hopf automorphisms. 
Suppose that a is non- degenerate and that A (and so B) is finite dimensional. 
Then the crossed Hopf n-coalgebra D(A, B; a, <p) = {D(A, B; a, 4> a )}a£Tr (see Corol- 
larv \2.5\) is quasitriangular with R-matrix given, for all a, (3 £ tt, by 

(2.13) R a ,f3 = ^2(ei®l B )®(lA®fi), 



where (ej)j and are basis of A and B, respectively, such that o~(ei, fj) = Si.j. 

Remarks 2.7. (a) The element Y,i( e i ® 1b) ® Q-A ® /*) € A ® B <g> A ® B is 
canonical, i.e., independent of the choices of the basis (ej)j of A and (fi)i of B such 
that a(e l , fj) = 5^ 3 . 

(b) The hypothesis A is finite dimensional is to ensure that the sum J2i( e i ® 
1b)®(1a<S>/j) lies in A® B ® A® B. More generally, assume that A and -B are 
graded Hopf algebras with finite dimensional homogeneous components and that a 
is compatible with the gradings. Then the quotient Hopf algebras A/ 1 a and B/Ib 
are also graded and can be identified via a with the duals of each other. Suppose also 
that the action <p respects the grading so does the quotient 4> : ir — > Autnopf {A/ 1 a)- 
In this case, there exists a unique action 7r — > AutHopf (B/Ib) which is (a, </>)- 
compatible, where a: A/ 1 a x B/I b — > k is the induced Hopf pairing. Then the 
Hopf 7r-coalgebra D(A/lA,B/Ig;a,(j)) is quasitriangular by the same construction 
as in Theorem El 

Proof. Fix basis (a) of A and (/») of B such that u(ej, fj) = Sij (such basis always 
exist since a is non-degenerate). Note that x = <r(x, /j) a; and y = <r(ei, y) y 
for any i€A and y £ B. 

Recall that, since J^i e * ® Is ® 1a ® /i is the i?-matrix of the usual quantum 
double D(A, Z?, c, id^), we have 

(2.14) X] S(ei)ej ® /i/j = 1a® Is, 

(2.15) (g) (g) / l(2) = ^ e.e,- <g> /j <g> 
i i,j 

(2.16) ^ e i(1) <g> e i(2) <g> = ^ <g> e 3 - ® /j/j. 



Let a,{3 £ n. From (|2.14() and since ^4 (resp. £>) can be viewed as a subalgebra 
of D(A, B; a, <p a ) (resp. D(A, B; a, 4>p)) via a i— > a (g> 1^ (resp. 6 i— > 1 A ® 6), we get 
that R a ,/3 is invertible in D(A, B; a, <p a ) ® -D(A, -B; cr, 0/j) with inverse 

= 51 ^fe) ® Is ® !a ® /i- 
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Let a £ A, b e B and a, j3 <E ir. For all x € A, we have that 
(id A ® B ®A ® <x(x, -)){R a ,0 ■ A Qj/3 (a ® 6)) 

= ^ Cr ( < ^ ) /3( a (2))> S (fi(l))) cr ( a (4), /i(3)) 0"(X, /i(2)&(2)) e^Kl)) <8> 6(1) ® 0(3) 

= o-(0 / 3»S' _1 (a(2)), /i(i)) cr(a(4)) /i(3)) o-(a ; (i))/i(2))o-(^(2), 6(2)) e 4 / g(a (1) ) ® 6 (1) ® a (3) 

= X! J Cr ( a ( 4 ) :Z; ( 1 )^' S ' _1 ( a ( 2 ))'^) Cr ( :Z; ( 2 )' 6 ( 2 )) e ^/3( a )(l) ® & (1)®°(3) 

= o-(»(2),6(2)) a(4)a;(i)0/3(S' _1 (a(2))a( 1 )) ® & (1 ) ® a (3) 
= c r (a;(2),6 (2 )) a(2)a;(i) ® 6(i) ®a ( i), 

and, since a;(i) ® x (2 ) <8> X( 2 ) <8> x (2 ) = ^ a(x^),fi) X(i) (8) e^i) e i(2 ) ® e f ( 3 ), 

(idA®B(»A ® a{x, ■))(<rp,a(<Pu-i ® id#JA Q/3Q -i iQ (a ® 6) ■ i? Qi/3 ) 

= X! l CT ^ Q ( e4 ( 1 ))' S '^( 2 ))) cr ( ei ( 3 )' & ( 4 )) cr (' T '^- 1 ( & ( 1 )^ 1 ) a ( 2 ) e *( 2 ) ® 6 (3) ® a (i) 

= X]j Cr (<M e *(l))> S ( b &))) a ( e i(3)> & (4)) CT(0 Q (X(1)), 6(1)) Cr(X(2), /i) 0(2)6,(2) ® 6(3) ® O(i) 

= ^(^(^(a)), 5(6(2))) <r(x( 4) , 6( 4) ) cr(<^ Q (x(i)), 6(1)) apjjarp) ® 6 (3 ) ® a (X ) 
= o-(^) a (a;(i)), 6(1)5(6(2))) cr(x( 3 ), 6(4)) 0(2)^(2) ® 6(3) ® «(i) 
= c r (a;(2),6 (2) ) a(2)a;( X ) <8> 6(i) (g)O(i). 

Hence, since cr is non-degenerate, Axiom (|1.7(l is satisfied. 

Let us verify Axioms (f 1 . 1 Cj|) . Let a,/3, 7 6 7r. Since <fi* is (cr, ^-compatible (by 
definition), the basis ((j>p(ei))i of A and {4>*p{fi))i of B satisfy a{(j)p{ei), 4>p(ej)) — 
cr(ej, /j) = <5j.j. Therefore we have that 

{<PP ® <Pp){Ra,-y) = ^2<f>p(ei) <8> Is <8> lA ® 0^(/i) = R/3af3-\l3jl3-^ 
i 

Finally, let us check Axioms l|1.8J) and (|1.9|l . Let a,/?, 7 £ 7r. Using (|2.15(l . we 

have 

(idD(A,B; CT ,0 Q ) ® A /3 , 7 )( J R Q , / 3 7 ) = ^.e< ® 1b ® 1a ® ® 1a ® /t(2) 

= 2J. . e^ej <g> 1 B ® 1a ® /j ® 1a ® /i 

= (-Rq, 7)1/33 • (-^01,^)127- 

Using (|2.16(l and ll.lOjl . we have 

(A ttiJ a ® idij( J 4 1 B; <7l ^))(i2 ai 3 l7 ) 
= ^(ei(i)) ® 1b ® e f ( 2 ) ® 1b ® 1a ® fi 

= 0^(e 4 ) ® Is ® e,- <g> Is <8> 1a ® /i/j 

* — 'jj 

= [(W ® idB(A,B:cr,0 7 ))(^ / 3- 1 Q/3, 7 )]l/33 ' (i?/3, 7 )a23 
= [(id-D(A,B;<r,<t> a ) ® )(^a,/37/3- 1 )]l/33 ' (-R/3,7)a23- 

This completes the proof of the quasitriangularity of D(A, i3; cr, 0). □ 
The following corollary is a direct consequence of Corollarv l2 . 5l and Theorem l2.6l 
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Corrolary 2.8. Let A be a finite- dimensional Hopf algebra and<j): tt — > Autnopf(^4) 
be an action of tt on A by Hopf algebras automorphisms. Recall that the duality 
bracket (, )a®A* * s a non- degenerate Hopf pairing between A and ^4* co p. Then 
D(A, A* cop ; (,)a®j4* 5 0) is a quasitriangular Hopf n-coalgebra. 

Remark 2.9. Recall that the group of Hopf automorphisms of a finite-dimensional 
semisimple Hopf algebra A over a field of characteristic is finite (see |Rad90| ) . To 
obtain non-trivial examples of (quasitriangular) Hopf 7r-coalgebras for an infinite 
group tt by using the twisted double method, one has to consider non-semisimple 
Hopf algebras (at least in characteristic 0). 

2.3. The /i-adic case. In this subsection, we develop the /i-adic variant of Hopf 
group-coalgebras. A technical argument for the need of /i-adic Hopf group-coalgebras 
is that they are necessary for a mathematically rigorous treatment of i?-matriccs 
for quantize enveloping algebras endowed with a group action. 

Recall that if V is a vector space over C[[h]] , the topology on V for which the sets 
{h n V + v\ neN) are a neighborhood base of v G V is called the h-adic topology. If 

V and W are vector spaces over C[[/i]], we shall denote by FcgiW 7 the completion of 
the tensor product space V ®c[[W] W m the ^-adic topology. Let V be a complex 
vector space. Then the set V^[[/i]] of all formal power series / = X^^Lo v nh n with 
coefficients v n S V is a vector space over C[[h]] which is complete in the /i-adic 
topology. Furthermore, V [[h]]®W[[h]] = (V ®W)[[h]] for any complex vector spaces 

V and W. 

An h-adic algebra is a vector space A over C[[/i]] which is complete in the /i-adic 
topology and endowed with a C[[/i]] -linear map m: A® A — > A and an element lei 
satisfying m(id J 4®m) = m(m®vA.A) and m(a®l) = a = m(l(8>a) for all a G A. 

By an h-adic Hopf ir-coalgebra, we shall mean a family H = of /i-adic 

algebras which is endowed with /i-adic algebra homomorphisms A aj ^ : H a p —* 
H a ig>Hp (a, [3 G n) and e: A — > C[[ft]] satisfying (|1 . If) and l|1.2^ and with C[[h]]- 
linear maps S a : H a — > i/ Q -i (a £ 7r) satisfying H1.3|l . In the previous axioms, one 
has to replace the algebraic tensor products <S> by the /i-adic completions <g>. 

The notions of crossed and quasitriangular /i-adic Hopf 7r-coalgebras can be 
defined similarly as in Sections 11.21 and ll. 31 

The definitions of Section and Theorem 12.31 carry over almost verbatim to 
/i-adic Hopf algebras. The only modifications are that a: A®B — > C[[/i]] is C[[/i]]- 
linear and that the algebra D{A, B; a, (p), where <fi is an h-adic Hopf cndomorphism 
of A, is built over the completion A®B of A <g) B in the /i-adic topology. The 
reasoning of the proof of Theorem 12 . 61 give the following ft,-adic version. 

Theorem 2.10. Let a: A®B — ■> C[[/i]] be an h-adic Hopf pairing between two 
h-adic Hopf algebras A and B, and <f>: tt — > AutHopf(i) be an action of tt on 
A by h-adic Hopf automorphisms. Suppose that a is non-degenerate. Let (e^); 
and (fi)i be dual basis of the vector spaces A and B, respectively, with respect to 
the form a . If R a> /3 = X)i( e » ® ^b) <8> (1a ® fi) belongs to the h-adic completion 
D(A, B; a, (j> a )®D(A, B; a, (ftp), then R = {R a ,i3} a ,i3en * s a R-matrix of the crossed 
h-adic Hopf ir-coalgebra D(A, B] a, <f>) — {^(^4, B; a, 4> a )}a£-K- 

3. The case of algebras of finite groups 

Let G be a finite group. In this section, we describe the Hopf G-coalgebras 
obtained by the twisted double method from the Hopf algebra k[G]. 
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Recall that the Hopf algebra structure of the (finite-dimensional) k- algebra k[G] 
of G is given by A(<?) = g ® g, e(g) — 1 and S(g) = g^ 1 for all g € G. The 
dual of k[G] is the Hopf algebra F(G) — k G of functions G — > k. It has a basis 
(e 9 : G — > k) s gG defined by e 9 (/i) = <5 S! ft where (5 9i9 = 1 and 5 g> h = if g =/= h. The 
structure maps of F(G) are given by e g e h = 5 9)h e 9 , 1 F(G) = I] 3S 7r e S' A(e 9 ) = 
Y, xy =g e x ® e y e ( e s) = and ^( e s) = e 9 -i for an y 9,h eG. 

Set </>: k[G] — » Autnopf defined by 9 (/i) = ghg~ x . It is a well defined 
group homomorphism (since any g 6 G is grouplike in k[G]). By Corollary 12.81 
this data leads to a quasitriangular Hopf G-coalgebra D(k[G], F(G); (, )k[G]xF(G)> 4>) 
which will be denoted by Dg(G) = {D a (G)} a£ G- 

Let us describe Dg(G) more precisely. For any a 6 G, the algebra structure of 
D a (G), which is equal to k[G] <g> F(G) as a k-space, is given by 

(g ® efe) • (g) ev) = 5 ag 'a- 1 ,h,- 1 g'h' 99' ® for all g, g' , h, h' £ G, 

1d«(G) = J2 1(E>e 9- 
seG 

The structure maps of Dg{G) are given, for any a,0(zG and g, /i e G, by 

e y ® g ® 

^X •} 

xy—h 

s(g <& eft) = <5ft, 1, 

S a (g<E>e h ) = ag- x aT x % e aga -i h ~i g -i, 
<Pa(g ® eft) = aga' 1 ® e aha -i . 

The crossed Hopf G-coalgebra Dg(G) is quasitriangular and furthermore ribbon 
with i?-matrix and twist given, for any a, (3 s G, by 

R a ,t3 = ^ 5 ® eft ® 1 <8> e 9 and fl a = Y"' a~ 1 ga e g . 

g,heG geG 

Note that 6>™ = a~"(ga)™ <8> e 9 for any n£l 
<?eG 

4. Example of a quasitriangular Hopf GL n (fc)-coALGEBRA 

In this section, k is a field whose characteristic is not 2. Fix a positive integer 
n. We use a (finite dimensional) Hopf algebra whose group of automorphisms is 
known to be the group GL„(k) of invertible n x n-matrices with coefficients in k 
(see Rad90 ) to derive an example of a quasitriangular Hopf GL„(k)-coalgebra. 

Definition-Proposition 4.1. For a = (atj) G GL n (k), let A" be the C-algebra 
generated g, x-y, . . . x n , yi, . . . , y n , subject to the following relations 

(4.1) g 2 — 1, x\ = ■ ■ ■ = x\ = 0, gxi = —Xig, XiXj = —XjXi, 

(4.2) yl = ... = yl = Q, gy t = -y ig , y iVj = -y jyi , 

(4.3) Xiyj - yjXi = (Si j - aj ti ) g, 

where 1 < i,j < n. The family A n = {-4"}aeGL„(k) has a structure of a crossed 
Hopf GL„(k)- coalgebra given, for any a — (a^j) G GL„(k), j3 — (Pij) 6 GL ra (k), 



GRADED QUANTUM GROUPS 



13 



and 1 < i < n, by 

(4.4) A a>0 (g) = g® g, e(g) = l, S a (g) = g, 

n n 

(4.5) A a> 0(xj) = l®Xj + y] Pk,i %k ® 9-, s(xi) = 0, S a {xi) = 2_, a k,i9 x k, 

fc=i fc=i 

(4.6) A a ,p{Vi) =yi®l + g®yi, e{y l )^0, S a (yi) = -hyt, 

n n 

(4.7) tp a (g)=9, fa(xi) = ^2a k ,iX k , ¥>a(yi) = y^&k,iyk, 

k=l k=l 

where — oT x . Moreover A n is quasitriangular with R-matrix given, for any 

a, (3 £ GL n (k), by 

1 x - 

R a,/3 = 2 x s ®ys + x s ® gys + gxs ®ys + gxs <8> gys- 

SC[n] 

Here [n] — {1, . . .n}, x$ — 1, y% — 1, and, for a nonempty subset S of [n], we let 
xs = Xi t ■ ■ ■ Xi 3 and ys = y% x ■ ■ ■ yi 3 where i\ < • • • < i s are the elements of S . 

Remark 4.2. From relations Q4.3p . it can be shown that the algebras A" and A% 
are in general not isomorphic when a,f3 £ GL n (k) are such that (3. 

Proof. Let A n be the k-algebra generated by g, x%, . . . , x n which satisfy the relations 
(|4.1|l . The algebra A n is 2™ +1 -dimensional and has a Hopf algebra structure given 

by 

A{g)=g®g, e(g) = 1, S(g) = g, 

A(xi) — Xi ® g + 1 ® Xi, s(xi) = 0, S(xi) — gx{. 

Radford Rad90] showed that the group of Hopf automorphisms of A n is isomorphic 
to the group GL„(k) of invertible n x n-matrices with coefficients in k. This group 
automorphism <f>\ GL„(k) — » AutHopf(^n) is given, for any a — {on j") 6 GL„(k), 

by 

n 

4>a{g) = g and <t> a (xj) = } j ak,i%k- 

k=l 

The Hopf algebra B n = A™ p is the k-algebra generated by the symbols h, y%, . . . , y n 
which satisfy the relations h 2 = 1 and l|4.2|) and its Hopf algebra structure is given 

by 

A(h) = h®h, e(h) = l, S(h) = h, 

= yi <8> 1 + h ® yi, e(j/i)=0, S[yi) = -hyi. 

Let us denote the cardinality of a set T by \T\. The elements g k xs (resp. h k y$) 1 
where k £ {0,1} and 5 C [n], form a basis for A n (resp. B n ). Since A is multi- 
plicative, it follows that 

(4.8) A(g k x s ) = X t,s 9 k x T ® 3 fc+|T| £s\T and 

res 

(4.9) A(h k y s ) = ]T X t,s h k+ ^y s \ T ® h k y T , 

TCS 

where Xt.s = ±1 and A0 .5 = 1 = A5 5. 
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By Section m there exists a (unique) Hopf pairing a: A n x B n — > k such that, 
for any 1 < i,j < n, 

a(g,h) = -l, a(g,yj) = (x(xi,h) =0 and a(x, t , y 3 ) = S ld . 

Using (|4.8|l and 1)4. one gets (by induction on |5|) that 

( T(/x 5 ,^ 2 ; T ) = (-l) fe ' <5 S , T 

for any fc, Z 6 {0,1} and S, T C [n], where <5 5 ,s = 1 and (5 S , T if 5 ^ T. Set 
zo = (1 + ft)/2 and z± = (1 — Zi)/2. The elements Zfcj/s, where fc S {0,1} and 
•S" C [n], form a basis for _B„ such that 

(4.10) cr(g k x Sl ziy T ) = S k ,i S s ,t 

for any Zc, Z G {0,1} and S, T C [n]. Therefore the pairing tr is non-degenerate. 
Note that this implies that A* n = A„ as a Hopf algebra. 

By Theorem l2.6l we get a quasitriangular Hopf GL„(k)-coalgebra D(A n , B n ; a, </>). 
For any a = (ai,j) G GL„(k), D(A ni B n ; a, (f) a ) is the algebra generated by g, Zi, 
xi, . . . x n , yi, . . . , y n , subject to the relations h 2 = 1, JOJ, i)4.2[) and the following 
relations 

(4.11) 3/1 = hg, gyj = -yjg, hxi = Zj/i, 

(4.12) a^y, - yjx t = 5 itj h - a jti g. 

Indeed D(A n , B n ; a, (f> a ) is the free algebra generated by the algebras A n and B n 
with cross relation l|2.5|l . Further, it suffices to require the cross relations (|2.5|l for 
(l(g>6)-(a(8>l) with a = g, xi and b = h, yj. To simplify the notations, we identify of a 
with a® 1 and of 6 with l<E>b (recall that these natural maps A n •— > D(A n , B n ; a, cj) a ) 
and B n D(A n , B n ; a, Q ) are algebra monomorphisms). For example, let a = a;, 
and 6 = j/j. Since a(xi, 1) = a(<?, j/j) = a(xi, h) = a(l, yj) = 0, relation (|2.5|) gives 

yjXi = a{(j) a {x i ),y j h)a{g, I) g ■ I + a(l,h)a(g, V)Xi ■ y 3 + a{l,h)a{x i ,y j )l ■ h. 

Inserting the values <j(g, 1) = <r{\,h) = 1, a{xi,yj) = <5j,j, and a(4> a (xi),yjh) — 
—aj t i, we get (|4.12l) . 

From Theorem lOl we obtain that the comultiplication A aj( g, the counit e, the 
antipode S a , and the crossing ip a of D(A n ,B n ; er, Q ) are given by 

(4.13) A Qi(3 ( 5 ) = g®g, A a , p (h) = h ® Zi, 

(4.14) A Q)1 a(a;i) = 1 ®Xi +5^/3^^ <S> 5) &<x,i3{yi) = J/i ® 1 + ft ® 

fc=i 

(4.15) = e(ft) = 1, e(xi) = e{ Vi ) = 0, S a (g) = g, 

n 

(4.16) S a (h) = h, S a (xi) = ^a k ,igx k , S a {y l ) = -hy u 

k=l 

n n 

(4.17) <Pa(9) = 9, ¥>a(h) = h, <p a (Xi) = y^Q!fc,i Zfc, (j/i) = X! ) 

fc=l fc=l 

where (cfcij) = a -1 . 

For any a £ GL„(k), let I a be the ideal of D(A n , B n ; a, (j) a ) generated by 
g — h. Using the above description of the structure maps of D(A n , B n ; a, (f>), 
we get that I = {I a } a e-n is a crossed Hopf GL„(k)-coideal of D(A n , B n ; a, 4>). 
The quotient D(A n ,B n ;a,<f>)/I = {D(A n ,B n ;a,c/) a )/I a } aeGLn ^ is is precisely 
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An = {A"} ae Qh n (k) and so the latter has a quasitriangular Hopf GL„ (k)-coalgebra 
structure which can be described by replacing h with g in (|4.13|) - (|4.17|1 . 

Finally, the i?-matrix of A n is obtained as the image under the projection maps 
D(A„, B n ; a , 4> a ) ^ D(A n , B n ; a, 4> a ) / I a = A* of the i?-matrix of D(A„ , B n ; a, 4>), 
that is, using (|4.1Q(I . 

R a ,p = £ P^ x s) ®Pp( z oVs) +Pa{gx s ) ®pp{ziy s ) 

SC[n] 

EA + 9\ A — 9\ 

x s <8> (— — )ys + gx s ® (— „— )Vs 

SC[n] 
SC[ n ] 

□ 



5. Graded quantum groups 



Let g be a finite-dimensional complex simple Lie algebra of rank I with Cartan 
matrix (<ij j). We let dj be the coprime integers such that the matrix (diOij) is 



symmetric. Let q be a fixed non-zero complex number and let qi 



Suppose 



that qf =f 1 for i = 1,2,..., I. 

Definition-Proposition 5.1. Set it = (C*) 1 . For a = (ct\, . . . , a{) <E ir, let U^(g) 
be the C-algebra generated by K^ 1 , Ei, Fi, 1 < i < I, subject to the following 
defining relations: 



(5.1) 
(5.2) 
(5.3) 

(5.4) 
(5.5) 
(5.6) 



KiKj = KjKi, 



k.k; 1 = Kr l Ki = 1, 



KiE 3 



Qi /'••.. A- 



EiFj — FjEi 



a t K t - K- 1 

-'ij -1 

Qi - Qi 



1— a,i s j 

£ (-!) r 

r=0 
r=0 



1 - a. 



1 — ctj, j — r 



E S ET = if i+j, 



1 — a 



TTie family U^{q) = {Uq{Q)}aen has a structure of a crossed Hopf ir-coalgebra 
given, for a = {a.\, . . . , ai) € ir, (3 — [pi, . . . , /3/) € 7r and 1 < i < Z, 6y 

A Q ,/9(if<) = Ki®Ki, 

A a:/3 ( J B l ) = (8) ifi + 1 <g> E i: 
A a , [ 3{F i )=F i ®l + Kr 1 ®F i , 
e(Ki) = l, e(E i )=e{F i )=0, 

S a (Ki) = K-\ S a {Ei) = - ai EiKr\ S a {Fi) = -K^, 
ifia(Ki) = Ki, tp a (Ei) = CXiEi, ip a {Fi) = aj 1 F t . 



16 



ALEXIS VIRELIZIER 



Remark 5.2. Note that (£7* (g), Ai,i, e, Si) is the usual quantum group U q (g). 

Proof. Let U+ be the C-algebra generated by Ei, Kf 1 , 1 < i < I, subject to the 
relations Q5.1|). (|5.2|) and (|5.5|l . Let [/_ be the C-algebra generated by F^, A^ 1 , 
1 < i < I, subject to the relations l|5.1|l . i|5.3[l and (|5.6|l where one has to replace 
Ki with K[. The algebras t/+ and U- have a Hopf algebra structure given by 



A(Ki)=Ki®Ki, A(E i ) = E i ®K i + l®E i , 

s(Ki) = l, e(Ei) = 0, S(Ki)=Kr\ S{E i ) = -E i K^' L , 

A{K'{) = K[ ® Ki, A(Fi) = F 1 ®1 + K[~ X ® F u 

e(Kl) = l, s{Fi)=0, SiK^^Kr 1 , S(Et) = -K^. 

Using the method described in Section 12.11 it can be verified that there exists a 
(unique) Hopf pairing a: U+ x J7_ — > C such that 

aiEuFj) = 5l - J _ 1 , <r(Ei, K$ = a(K u Fj) = 0, = = qf' . 

Let : 7r — > Autnopf (U+) and ?/) : 7r — > Autnopf (C-) defined, for /? = (/3i, . . . , /3j) £ 
7r and 1 < i < ^, by 

<f>p{K i )=K i , cj> f3 (E i ) = p i E i , ^{K[) = K[, i> p {Fi) = pr 1 Fi. 

It is straightforward to verify that ■f/' is (cr, </))-compatible. By Lemma |2. 41 we can 
consider the crossed Hopf 7r-coalgebra D(U + , U-;a, <f)) — {D(U+, U-\o, <t> a )}ae-n- 

Now, for any a € it, D(U + ,U^; a, 4> a ) is the algebra generated by Kf 1 , K[ 1 , 
Ei, Fi, where 1 < i < I, subject to the relations l|5.1|l . (|5.2I) . 1)5. 5|l . the relations 
(|5.1|) . I|5.3|l . (|5.6|) where one has to replace Ki with K[, and the following relations 



(5.7) A, A! A! A,- A./-, *' /', A ,. iCft = E s Kl 

n-K - K'~ l 

(5.8) - Fj^ = S itj " A \ . 

H - Qi 

Indeed D(U+, U-\ a, <p a ) is the free algebra generated by the algebras U+ and U- 
with cross relation (|2.5|) . Further, it suffices to require the cross relations (|2.5f) 
for (1 <g> b) ■ (a ® 1) with a = Ki,Ei and b = K[,Fi. To simplify the notations, 
we identify of a with a ® 1 and of 6 with 1 <g> 6 (recall that these natural maps 
U+ D(U+, U-\o, 4> a ) and J7_ D(U+, U-,o, 4> a ) are algebra monomorphisms). 
For example, let a — Ei and 6 = Fj. Since a(Ei, 1) = a(Ki,Fj) = a(Ei, K'^ 1 ) = 
a(l,Fj) = 0, relation l|2.5|l gives 

-A?'A"i = oiptiEi, S(Fj))o~(Ki, 1) F^+er(l, K'j)a(Ki, l)EiFj+a(l, K'j)a(Ei, Fj) K'j 1 . 

Inserting the values a(Ki,l) = a(l,K'j) — 1, a(Ei,Fj) = Sij(qi — q^ 1 )^ 1 and 
(J {Ei 1 S(F ] )) = -Sijfa - qi V )-\ we get 
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From Theorem 12. 31 we obtain that the comultiplication A a ^p, the counit e, the 
antipode S a , and the crossing ip a of D(U+, U—\ a, 4>) are given, for 1 < % < I, by 

(5.9) & a , p (K i ) = K i ®K i) & a , fl (Kl) = K' i ®K' i , 

(5.10) A a .j3(Ei) = (3 i E l ®Ki + l®Ei, A a> p(Fi) = i 7 ; <g> 1 + K-^ 1 ® Fi, 

(5.11) e{K i ) = e(K£=l, e{Ei) = e(fi) = 0, S Q (iQ) = iff 1 , 

(5.12) S a (i^)=^r\ S a (E i ) = -a l E l Kr\ S a (F t ) = -K[F t , 

(5.13) ^ (Jf 4 ) = Ki, ^a(^) = ^a(^i) = Qi^i, <fia{Fi) = oT^F,. 



Finally, for any a £ tt, let I a be the ideal of D(U+, U- \ a, <j> a ) generated by K. L — 
K[ and — K[ , where 1 < i < I. Using the above description of the structure 
maps of D(U+,U-;a,(j)), we get that I — {I a }aeir is a crossed Hopf 7r-coideal 
of D(U+, U-;a,<f>). The quotient D(U + ,U-;a,(p)/I = {D{U+,U-;a,(j) a )/I a } aeK 
is precisely U^(g) = {U^} ae7r and so the latter has a crossed Hopf 7r-coalgebra 
structure which can be described by replacing K\ with Ki in (|5.9() - (|5.13() . □ 



6. /l-ADIC GRADED QUANTUM GROUPS 

Let q be a finite-dimensional complex simple Lie algebra of rank I with Cartan 
matrix (aij). We let dt be the coprime integers such that the matrix (diCiij) is 
symmetric. 

Definition-Proposition 6.1. Set tt = C[[h]] . For a — [a.\, . . . ,a{) 6 tt, let 
U^{q) be the algebra over C[[/i]] topologically generated by the elements Hi, Ei, Fi, 
1 < i < I, subject to the following defining relations: 



(6.1) 




= o, 


(6.2) 


[Hi,Ej] 


= QijEj, 


(6.3) 






a ij Fj , 
gdiha 


(6.4) 




= s it 


1 




1 — CLi j 




1 - CLi 

r 


(6.5) 


E(- 


-ly 




1 — Otj j 




I - CLi 

r 


(6.6) 


E(- 

r=0 


-iy 



-dihH, 



"h3 



E 



1 — etjj — r 



(i^j), 



TTie family Ug(g) = {Uq{o)}ae-n has a structure of a crossed Hopf n-coalgebr 
given, for a — (ai, . . . , oti) £ tt, f3 = (/3i, . . . , f3i) £ tt and 1 < i < I, by 

&aA H i) = H i ® 1 + 1® At, 



Si <g> e dl/lHl + 1 



A a ,/3(£t) = e 
A a ,p(Fi) = ^ ® 1 + e-*' lft 

S a {Hi) = —Hi, S a (Ei) = - 



*i Ee -d, 



hHi 



S a (Fi) = -e d * hH *F h 



<p a (Hi) = fli, ^(£0 = e*^^, f a (Fi) = e- diha *Fi. 
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Remarks 6.2. (a) (U®(g), Ao,Oj £, So) is the usual quantum group Uh{g). 

(b) The element e 4 — e ^ dih £ C[[/i]] is not invertible in C[[/i]], because the 
constant term is zero. But the expression oh the right hand side of (|6.4f> is a formal 
power series o~ n p n (Hi)h n with certain polynomials p n {H,i), and so it is a well-defined 
element of the /i-adic algebra generated by E i} Fi, Hi. 

Proof. Let U+ be the /i-adic algebra generated by iJ;, JSj, 1 < i < I, subject to the 
relations Ijfi.f (I . Q6.2|l and (|6.5(l . Let [/_ be the /i-adic algebra generated by -ff], Fi, 
1 < i < I, subject to the relations Qfi.ffl . Ij6.3|l and (|6.6|) where one has to replace 
iJ; with iJj'. The algebras U+ and ?7_ have a ft,-adic Hopf algebra structure given 

by 

A(fli) = ff< <g> 1 + 1 ® fli, A(^) = F 4 ® e d *' lff ' + 1 ® fi,, 
e(fl,) = e(£i) = 0, S{Hi) = -H u S{E t ) = -E ie - dihHi , 
A(H' t ) =H' i <g>l + l®H' i , A(Fj) = F< <8> 1 + e"*^ eg) F, 
£(^0 - e(F<) - 0, S(iT|) = -H[, S(Fi) = -e* hfl *F,. 

Let us consider the /i-adic Hopf algebra U- = C[[h]]l + hU-. The elements 
H[ = hH[ and Fi — hFi belong to U- and satisfy 

[H i ,F j ] = -ha ij F j , A(Hl) = H[ <g> 1 + 1 <g> % A(F<) = F< (8) 1 + e~ dii ^ <g> F<. 

The element e ^ H * = 1 + £ fe>1 ^(-d^Hf is also in J7_. Note that e~* H * is 

not in the /i-adic subalgebra of U- generated by H[. 

Using the method described in Section l2~Tl it can be verified that there exists a 
(unique) Hopf pairing a: U+ x U- — > C[[ft]] such that 

(7^, - C 1 ^,,, triHuFj) = o~(Ei, H') = 0, a(E l ,F j ) = 



Let : 7r — > Autnopf (f+) and ip : ir Autnopf (^-) defined, for a — (a%, . . . , on) £ 
7r and 1 < i < i, by 

^{Hi) = H u <j> a {Ei) = e dihai E h i> a (Hl)=Hl, ipp(Fi) = e ~ dihoti F. 

It is straightforward to verify that ^ is (<J, (^-compatible. By the ft,-adic version of 
Lemma l2~^l we can consider the crossed /i-adic Hopf 7r-coalgebra D(U+, U-\ a, (f>) = 
{£)([/+, t/_; a, <p a )}ae-!T whose structure can be explicitly described as in the proof 
of Proposition 

For any a e ir, let I a be the /i-adic ideal of D(U+,U-;<r,4> a ) generated by 
H[ — hHi where 1 < i < I. Using the description of the structure maps of 
D(U+,U-;a,(f) a ), we get that / = {/ Q } Qe7r is a crossed /i-adic Hopf 7r-coideal of 
D(U+,U-]a,<f>). The quotient D(U + ,U-, a, tf>)/ 1 = {D(U + ,U-;a,4> a )/I a } a e-K is 
precisely Ufi(g) = {U£} ae7T and so the latter has a crossed /i-adic Hopf 7r-coalgebra 
structure. □ 

It is well-know (see, e.g., |KS97p that the Hopf pairing a: U+ x [/_ — » C[[h]] is 
non-degenerate and that, if (ej)j and (fi)i are dual basis of the vector spaces U+ 
and U- with respect to the form a, then J2i( e i ® 1) ® (1 <& fi) belongs to the /i-adic 
completion D(U + ,U-; a, (j> a )®D(U+,U—; a, <j)p). Therefore, by Theorem 12. 101 the 
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crossed /i-adic Hopf 7r-coalgebra D(U+,U-;a,<j)) is quasitriangular. Hence, as a 
quotient of D{U+, U-;a, <p), U£(g) is also quasitriangular. 

For example, when g = sl 2 and so tt = C[[h]], we have that the i?-matrix of 
U^ llh]] (st 2 ) is given, for any a, (3 € C[[h}], by 

OO 

R at0 = e HH®H)/2 R n (h) E n ® F n , 

where R n (h) = q n{n+1)/2 {1 ^T and g = e\ 

For n > 1, there exits a representation p" : U%(sl 2 ) — > GL(V^*), where = C™ 
as a vector space, given on the standard basis (ej)i<j<„ of C" by 

p°(H)e i = (n-2i+l-^)e i , 



e h 2° [n — % + 1] ? ej_i if i > 1 
if i = 

e l+ i if i < n 
if i = n 



Pn(F)e t 



Together with the quasitriangularity of ^'^(sk), this data leads in particular to 
a solution of the C[[h]] -colored Yang-Baxter equation. 
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